Abstract. We study 4-dimensional Einstein-Hermitian non-Kähler manifolds admitting a certain anti-Hermitian structure. We also describe Einstein 4-manifolds which are of cohomogeneity 1 with respect to an at least 4-dimensional group of isometries. 
W. Jelonek
Natural questions arise for general Einstein-Hermitian non-Kähler manifolds: When is J Hermitian? Under what conditions does it extend to a global opposite Hermitian structure? The first question in the case of self-dual Einstein-Hermitian 4-manifolds was recently answered by Apostolov and Gauduchon [A-G-2] . We give the answers to these questions for compact Einstein-Hermitian manifolds and partial answers for arbitrary Einstein-Hermitian surfaces. Our method is based on introducing a special orthonormal frame naturally related to the Hermitian structure J and the metric g. We show that for Einstein 4-manifolds the set U is dense and the set {x : |∇J x | = 0} is a totally geodesic submanifold of (M, g) . We prove that the opposite almost Hermitian structure J of an Einstein-Hermitian non-ASD surface is Hermitian if and only if the metric g is of cohomogeneity 1. We also give a local description of non-Kähler non-locally symmetric Einstein-Hermitian surfaces admitting an opposite Hermitian structure as products R × P 0 where P 0 is a 3-dimensional naturally reductive manifold, and prove that they are always of cohomogeneity 1 with the group of local isometries of dimension at least 4. We show that if (M, g, J) is a compact Einstein-Hermitian non-Kähler manifold for which J is integrable then J extends to a global structure and (M, g, J) is isometrically biholomorphic to CP 2 CP 2 with D. Page's metric. From the result of LeBrun it easily follows that every Hermitian non-Kähler Einstein manifold which admits an opposite Hermitian structure must be biholomorphic to CP 2 CP 2 with D. Page's metric so the above result for compact surfaces is a simple consequence of [LeB] .
Hermitian 4-manifolds.
Let (M, g, J) be an almost Hermitian manifold , i.e. J is an almost complex structure orthogonal with respect to g, i.e. g(X, Y ) = g(JX, JY ) for all X, Y ∈ X(M ). We say that (M, g, J) is a Hermitian manifold if its almost Hermitian structure J is integrable. Set
In what follows we identify the bundle T M with T * M by means of g, so we also write 2 M = 2 T M . The Hodge star operator * (which depends on the orientation of M ) defines an endomorphism * :
2 M → 2 M with * 2 = id and we denote by + , − its eigensubbundles corresponding to 1, −1 respectively.
In what follows we consider 4-dimensional Hermitian manifolds (M, g, J) which we also call Hermitian surfaces. Such manifolds are always oriented and we choose an orientation in such a way that the Kähler form
The vector bundle of self-dual forms admits a decomposition
where LM denotes the bundle of real J-skew invariant 2-forms (i.e. LM =
Einstein-Hermitian 4-manifolds
The bundle LM is a complex line bundle over M with the complex structure J defined by (J Φ) 
For a 4-dimensional Hermitian manifold the covariant derivative of the Kähler form Ω is locally expressed by
where J a(X) = −a(JX). The Lee form θ of (M, g, J) is defined by the equality dΩ = θ ∧ Ω. We have θ = −δΩ • J. By we denote the Ricci tensor of a Riemannian manifold (M, g ) and by τ the scalar curvature of (M, g) (M, g, J) is said to have an opposite Hermitian structure if it admits an orthogonal Hermitian structure J with anti-self-dual Kähler form Ω. We then call (M, g, J) an anti-Hermitian manifold with anti-Hermitian structure J. For any almost Hermitian 4-manifold the following formula holds (see [G-H] ):
where * is the * -Ricci tensor defined by [X,Y ] )Z and τ * = tr g * . By D we denote the nullity distribution of (M, g, J) 
The curvature tensor R of a 4-dimensional manifold (M, g ) determines an endomorphism R of the bundle
where α 2 = |∇J| 2 /8. The conformal scalar curvature κ is defined by (see
We say that an almost Hermitian manifold (M, g, J) satisfies the second condition (G 2 ) of A. Gray if its curvature tensor R satisfies [D, p. 5, (i)] ) and an almost Hermitian 4-manifold (M, g, J) with J-invariant Ricci tensor and symmetric * -Ricci tensor satisfies (G 3 
2) holds where a = αθ 1 . Choose any orthonormal basis
} is the basis we are looking for. From (2.1) it is easy to get δΩ = −2αθ 3 , θ = −2αθ 4 . Any frame {E 1 , E 2 , E 3 , E 4 } constructed as above will be called standard (or special).
The following lemma is well known (it means that for a Hermitian surface the component W It is known that a Hermitian manifold (M, g, J) satisfies the second condition of Gray if and only if its Ricci tensor is J-invariant, it has symmetric * -Ricci tensor and the component W + 3 of the positive Weyl tensor vanishes
It is well known that any almost Hermitian manifold satisfying (G 2 ) satisfies (G 3 ) and that any Hermitian manifold satisfying (G 3 ) satisfies (G 2 ) (i.e. for Hermitian manifolds these two conditions are equivalent).
Consequently, using (2.2) we get
Consequently, from (2.3) and (2.4), using the condition
Note that for a Lee form θ of (M, g, J) we have θ = −2αθ 4 . Write X = 2αE 3 . Then dΩ = −2αθ 4 ∧ Ω and 
Thus Γ Lemma D. Let (M, g, J) be a Hermitian 4-dimensional manifold whose curvature tensor R satisfies R(LM ) ⊂ + M . Then the Kähler form Ω of (M, g, J) is an eigenform of the Weyl positive tensor W (M, g, J) has symmetric * -Ricci tensor ) and the nullity distribution D is involutive.
Proof. Note that it is enough to prove the lemma for (M 0 , g, J) . Thus we can assume that D is a 2-dimensional J-invariant distribution. Let {E 3 , E 4 } be a local orthonormal basis in D such that E 4 = JE 3 . Hence
Consequently, we obtain
Choose a local orthonormal basis
such that JE 1 = E 2 and (2.1) holds. From (2.7) we obtain (2.10) The first part of the next lemma is well known (see [A-G-1] 
We also have dθ = −2dα ∧ θ 4 − 2αdθ 4 . From (2.13) we get (2.14) − 1 2 dθ = 2E 3 αΩ + (−αΓ
If (M, g, J) is a Hermitian surface with |∇J| = 0 on M then the distributions D, D
⊥ define a natural opposite almost Hermitian structure J on M . This structure is defined as follows:
In the special basis we just have JE 1 = E 2 , JE 3 = −E 4 .
Lemma F. Let (M, g, J) be a Hermitian l.c.K. 4-manifold with Hermitian Ricci tensor. Assume that |∇J| = 0 on M . Then the following conditions are equivalent:
(a) (M, g, J) is a Hermitian surface.
Proof. Choose a local orthonormal frame {E 1 , . . . , E 4 } such that (2.1) holds. Since (M, g, J) is l.c.K. we have dθ = 0 and consequently (2.15) Lemma G. Let (M, g, J) be a Hermitian 4-manifold. Assume that |∇J| = 0 on M . If (M, g, J) has Hermitian Ricci tensor then dΩ = 2(Γ Corollary. Let (M, g, J) be an Einstein-Hermitian 4-manifold which is not ASD. Assume that |∇J| = 0 on M . Then the following conditions are equivalent:
Proof. From (1.6) it follows that dκ = − ) is a holomorphic Killing vector field for (M, g, J) . What is more, X = 
Since θ = −2αE 4 we get |X| = ακ
Since X is a holomorphic vector field and X x = 0 if and only if α(x) = 0 we obtain Corollary. Let (M, g, J) be a Hermitian non-Kähler 4-manifold with Hermitian Ricci tensor. If δW
Remark. It is easy to see exactly as above that also the following statement holds:
Let (M, g, J) be a Hermitian non-Kähler 4-manifold with Hermitian Ricci tensor. Assume that (M, g, J) is conformally Kähler and let A be a smooth function such that dA = 1 2 θ. Thus (M, g, J) is Kähler where
(δΩ) is a holomorphic Killing vector field for (M, g, J) and |X| = e A α. The set F = {x ∈ M : |∇J x | = 0} is totally geodesic and nowhere dense. we refer to [K] (see also [B] ). The Hermitian structure on CP where τ (M ) denotes the signature of (M, g, J) . Since (M, g, J) is also a compact Hermitian surface we have τ (M, J) 
Consequently, τ (M ) = 0 and (M, g, J) must be isometrically biholomorphic to CP 2 CP 2 with D. Page's metric. Hence we have from [LeB] and Lemma I:
Proposition 2. Let (M, g, J) be a compact Einstein-Hermitian nonKähler 4-manifold. Assume that the natural opposite almost Hermitian structure J defined on the set U = {x ∈ M : |∇J x | = 0} is Hermitian. Then (M, g, J) is isometrically biholomorphic to CP (a) (M, g ) is (locally) of cohomogeneity 1, (b) (M, g, J) is a Hermitian surface, (c) M is locally isometric to the manifold M = R × P 0 , where (P 0 , g 0 ) is a 3-dimensional naturally reductive manifold (the total space of a Riemannian submersion p :
where Proof. We shall prove the implications (b)⇒(c)⇒(a)⇒(b). We start with the proof of (b)⇒(c). Note that J is a global opposite Hermitian structure on M . Let {E 1 , E 2 , E 3 , E 4 } be a local standard frame in U . Denote by τ * the * -scalar curvature of (M, g, J) . Also write β = (c). Choose local coordinates (t, x 1 , x 2 , x 3 ) such that E 4 = ∂/∂t. Then c = c(t) and we can parameterize
We shall show that every leaf of S is a 3-dimensional naturally reductive space P 0 which is the total space of a Riemannian submersion over a Riemannian surface of constant sectional curvature. Note that P 0 is one of the Lie groups SU(2), H, SL(2, R) with a left invariant metric or is a Riemannian product R × M 0 where H denotes the Heisenberg group and M 0 is a (real) surface of constant curvature K ∈ {−1, 0, 1}. In view of the results of Pedersen and Tod [P-T] it is enough to show that every leaf S of S is an A-manifold. Consequently, the Ricci tensor of (S, g| S ) has two eigenvalues λ, µ such that It is clear that λ, µ are constant on every leaf S of the foliation S. We show that (S, g| S ) is an A-manifold. It is enough to show (see [J] ) that ∇
Using the formula
E 3 = 0 where ∇ S is the induced Levi-Civita connection of (S, g| S ). The above conditions are consequences of the equations Γ 
